In this paper we consider A-Fredholm and semi-A-Fredholm operators on Hilbert C * -modules over a W * -algebra A defined in [2], [7] . Using the assumption that A is a W * -algebra (and not an arbitrary C * -algebra) we obtain several special properties such as that a product of two upper (or lower) semi-A-Fredholm operators with closed image also has closed image, such as a generalization of Schechter-Lebow characterization of semi-Fredholm operators and a generalization of "punctured neighbourhood" theorem, as well as some other results that generalize their classical counterparts.
Introduction
Fredholm theory on Hilbert C * -modules as a generalization of Fredholm theory on Hilbert spaces was started by Mishchenko and Fomenko in [7] . They have elaborated the notion of a Fredholm operator on the standard module H A and proved the generalization of the Atkinson theorem.In [2] we went further in this direction and defined semi-Fredholm operators on Hilbert C * -modules. We proved then several properties of these generalized semi Fredholm operators on Hilbert C * -modules as an analogue or generalization of the well-known properties of classical semi-Fredholm operators on Hilbert and Banach spaces. Several special properties of A-Fredholm operators in the case of W * -algebra were described in [8, Section 3.6] . The idea in this paper was to go further in this direction and establish more special properties A-Fredholm operators defined in [7] and of semi−A-Fredholm operator defined in [2] , in the case when A is a W * -algebra, the properties that are closer related to the properties of the classical semi-Fredholm operators on Hilbert spaces than in the general case, when A is an arbitrary C * -algebra. Here is the list of our main results. In Proposition 3.5 we show that the product of upper semi-A-Fredholm operators with closed images is also an upper semi-A-Fredholm operator with closed image. The same fact can be obtained for lower semi-A-Fredholm operators by passing to the adjointis. Hence Proposition 3.5 generalizes the first part of the classical index theorem, [12, Theorem 1.2.4] . Proposition 3.6 generalizes the part of the index theorem which states that if F, D are Fredholm operators on a Hilbert spaces H, then dim ker F D ≤ dim ker F + dim ker D and dim ImF D ⊥ ≤ dim ImF ⊥ + dim ImD ⊥ . Corollary 3.2 is a generalization of [12, Theorem 1.5.7] , originally given in [10] . Theorem 3.3, and Corollary 3.4 are analogue of Schechter's and Lebow's characterization of semi-Fredhnolm operators [12, Theorem 1.4.4] and [12, Theorem 1.4.5] originally given in [6] , [9] , Theorem 3.15 is a generalization of the classical "punctured neighbourhood theorem" [12, Theorem 1.7.7] originally given in [4] . Compared to the classical version on Hilbert spaces, our generalization (Theorem 3.15) needs additional assumption on the operator F ∈ MΦ(M ), denoted by (*). It turns out that in the case of ordinary Hilbert spaces, (*) is automatically satisfied for any Fredhnolm operator, so in the case of ordinary Hilbert spaces, Theorem 3.14 reduces to the classical "punctured neighbourhood" theorem. However, in Example 3.14, we give an example of a Hilbert C * -module over a W * -algebra A which is not a Hilbert space and where the condition (*) is satisfied for all A-Fredholm operators as long as they have closed image. In several results in this paper we consider semi-A-Fredholm operators with closed image. Ordinary semi-Fredholm operators on Hilbert spaces have always closed image, however in our generalizations to modules we need sometimes to provide this additional assumption in order to obtain an analogue of the classical results. Important tools for proving most of the results in this paper are [8, Corollary 3.6.4] , [8, Corollary 3.6.7] , [8, Proposition 3.6 .8] originally given in [1] , [3] , [5] and these results assume that A is a W * -algebra. That's why we deal here only with Hilbert C * -modules over W * -algebras.
Preliminaries
Throughout this paper we let A be a W * -algebra, H A be the standard Hilbert C * -module over A and we let B a (H A ) denote the set of all bounded , adjointable operators on H A . Similarly, if M is an arbitrary Hilbert C * -module, we let B a (M ) denote the set of all bounded, adjojntable operators on M . According to [8, Definition 1.4 .1], we say that a Hilbert C * -module M over A is finitely generated if there exists a finite set {x i } ⊆ M such that M equals the linear span (over C and A) of this set. The notation⊕ denotes the direct sum of modules without orthogonality, as given in [8] .
Definition 2.1. [2, Definition 2.1] Let F ∈ B a (H A ). We say that F is an upper semi-A-Fredholm operator if there exists a decomposition
with respect to which F has the matrix
where F 1 is an isomorphism M 1 , M 2 , N 1 , N 2 are closed submodules of H A and N 1 is finitely generated. Similarly, we say that F is a lower semi-A-Fredholm operator if all the above conditions hold except that in this case we assume that N 2 ( and not N 1 ) is finitely generated. [7] , when F ∈ MΦ(H A ) and 3 Semi-Fredholm operators over W * -algebras
We start with the following proposition.
Then there exists a decomposition. Corollary 3.2.
is not finitely generated.
Proof. It was shown in [2, Theorem 4.1] that there exists an ǫ > 0 such that
by Proposition 3.1 there exists a decomposition
where (F + D) 1 is an isomorphism and N ′ 1 ⊕ ker(F + D) is finitely generated, but
and N ′ 1 is finitely generated being direct summand in a finitely generated submodule
is not finitely generated. 2) This can be proved by passing to the adjoints and using [2, Corollary 2.11].
By [2, Lemma 3.2] such sequence exists. Set
Observe next that by the construction of the sequence {x k }, 
In particular p n| ker(F −K) is injective. However since, the sequence {n k } k is increasing, we can find an
, we get that p n is not injective, which is a contradiction. Thus we must have that ker(F − K) is not finitely generated. On the other hand, if F ∈ MΦ + (H A ), then
Now, as A is a W * -algebra by assumption, then ker(F − K) must be finitely generated for all K ∈ K(H A ), as
which holds by the same arguments as in the proof of [8, Lemma 2.7.13]. This follows from the Proposition 3.1.
Hence, by the Theorem 3.3 ker(F * − K * ) is finitely generated for all K * ∈ K(H A ), so Im(F − K) ⊥ is finitely generated for all K ∈ K(H A ).
The operator in MΦ + with closed image have some special properties and we are going to investigate them here. 
Since M ′′ is finitely generated, it is selfdual, hence S is adjointable. Consider the map T : H A → H A given by
where P ImF , P M ′′ , P N ′′ are the orthogonal projections onto ImF, M ′ ′ and N ′ ′ respectively. Since M ′ is (by construction) orthogonally complementable in H A , the inclusion
it is adjointable, being a sum of composition of adjointable maps. Moreover, ImT = (ImF ⊕ N ′′ ) + M ′ . We wish to show that
applying [8, Proposition 3.6.6] to this map, we obtain that
Consequently,
Next we introduce the following notation: For two closed submodules N 1 , N 2 of M we write N 1 N 2 when N 1 is isomorphic to a closed submodule of N 2 . Proposition 3.6. Let F, D ∈ MΦ + (H A ) have closed images and suppose that A satisfies the cancellation property. Then
Proof. In the proof of the Proposition 3.5, we deduced that
and D (ker D) ⊥ is an isomorphism, one can easily deduce that
Since A satisfies the cancelation property by assumption, we get
and similarly
which is a closed submodule of (N ′ ′ ⊕ R ⊕ M ′ ⊕ ImD ⊥ ), it follows that in ImDF ⊥ ImF ⊥ ⊕ ImD ⊥ . In order to deduce that ker DF (ker D ⊕ ker F ), one can proceed in exactly the same way as in the proof of [12, Theorem 1.2.4 ] to obtain that ker DF = ker F⊕W where W ∼ = (ker D ∩ ImF ). The rest follows. Remark 3.9. By Sakai's theorem, since A is a W * algebra, A is a dual space of a certain Banach space, hence A can also be equipped with the w * -topology. Consequently A N can be equipped with the product w * -topology. Since H A ⊆ A N , H A has a subspace topology inherited from the product w * -topology on A N .
The next lemma is motivated by the well known result [12, Theorem 1.2.3] in the classical semi-Fredholm theory on Hilbert spaces which states that if H is a Hilbert space and F ∈ B(H), then F ∈ Φ + (H) if and only if for every bounded sequence {x n } in H which does not have a convergent subsequence, {F x n } does not have a convergent subsequence.
Lemma 3.10. Let F ∈ B a (H A ) and suppose that ImF is closed, let {x n } be a sequence in H A s.t. {P ker F x n } is a bounded sequence in H A . If {x n } does not have a convergent subsequence in the product w * -topology, then {F x n } does not have a convergent subsequence in the norm topology of H A .
Proof. Notice first that since ImF is closed , then ker F is an orthogonal direct summnand in H A by [8, Theorem 2.3.3] F | ker F ⊥ is isomorphism from ker F ⊥ onto ImF. Also, in the statement of the theorem P ker F denotes the orthogonal projection onto ker F along ker F ⊥ . Therefore, F | ker F ⊥ has a bounded inverse from ImF onto ker F ⊥ . Now, since H A = ker F⊕ ker F ⊥ , x n can be written as
is a convergent subsequence, hence it is convergent in the product w * -topology (since the sequence {v n k } k coordinatevise is convergent in the norm of A, hence in the w * -topology of A). By assumption of the theorem, {P ker F x n k } is bounded, hence since P ker F x n k = u n k we get that {u n k } ⊆ (B * N (0)) N where B * N (0) is the closed ball with center in 0 and radius N in A and N is chosen such that u n k ≤ N, for all k. By Alaoglu theorem, B * N (0) compact, hence by Tychonoff theorem, (B * N (0)) N is compact in the product w * -topology. Therefore, {u n k } has a convergent subsequence in the product w * -topology , say {u n k j }. Hence x n k j = u n k j + v n k j is a convergent subseqence in the product w * topology, which is not possible.
Remark 3.11. Observe that in Lemma 3.10 we do not assume that F ∈ MΦ + (H A ), but only that ImF is closed. However, we have only implication in this lemma and not the equivalence. The key argument in proving [12, Theorem 1.2.3] is that the unit ball in the finite dimensional space is compact. In our generalized situation we do not have this tool at disposition, however we have Alaoglu's theorem as a counterpart.
Lemma 3.12. Let F ∈ MΦ(M ) s.t. ImF is closed, where M is a Hilbert W * -module. Then there exists ǫ > 0 such that for every D ∈ B a (M ) with D < ǫ we have
Proof. Since F ∈ MΦ(M ) has closed image, w.r.t the decomposition
has the matrix w.r.t. the decomposition
where U 1 , U 2 andD 1 are isomorphisms. It follows then that
2 (ImF ). SinceD ∈ MΦ(M ), ImD ⊥ is finitely generated, hence self-dual. By [8, Corollary 3.6.7] , it follows then that ImD ⊥ is isomorphic to a direct summand in U −1
Definition 3.13. Let M be a countably generated Hilbert W * -module. For F ∈ MΦ(M ), we say that F satisfies the condition (*) if the following holds:
Observe note that if F ∈ MΦ(M ) and ImF is closed, then by Proposition 3.5 Im(F n ) is closed for all n. Hence
Im(F n ) is closed. If we have a sequence of decreasing complementable submodules N ′ k s, then their intersection in general (for C * -algebras) is not complementable, but it is complementable for W * -algebras. This is true due to the possibility to define a w * -(or weak) direct sum of submodules, as opposed to the standard l 2 construction. Let
x k , x k is convegent in A with respect to the *-strong topology, as opposed to the norm topology. Then it is easy to
Note that if M is an ordinary Hilbert space, then (*) is always satisfied for any F ∈ MΦ(M ) by [12, Theorem 1.1.9]. There are also other examples of Hilbert W * -modules where the condition (*) is automatically satisfied for an A-Fredholm operator F as long as F has closed image.
Example 3.14. Let A be a commutative von Neumann algebra with a cyclic vector, that is A ∼ = L ∞ (X, µ) where X is a compact topological space and u is a Borel probability measure and consider A as a Hilbert module over itself. If F is an Alinear operator on A, it is easily seen that Im(
we assume that F (1) is bounded away from 0 on S, hence invertible on S. But if F is an A-Fredholm with closed image, then this is the case. Indeed,
Since F is then bounded below on ker F ⊥ , we have
for all f being 0 µ-almost everywhere on S c and for some constant C > 0. But, if
, we get f n ∞ = 1 , for all n and
It follows that F will not be hounded below on (ker F ) ⊥ which is a contradiction. Observe now that
Recall that for a W * -algebra A, G(A) denotes the set of all invertible elements in A and Z(A) = {β ∈ A | βα = αβ for all α ∈ A}. We have then the following theorem. Im(F n ).
Since Im ∞ (F ) is orthogonally complementable inM , there exists orthogonal projection P Im ∞ (F ) ⊥ onto Im ∞ (F ) ⊥ along Im ∞ (F ) and (ker F ∩ Im ∞ (F )) = ker P Im ∞ (F ) ⊥ | ker F .
Since ker F is self dual being finitely generated, then by [8, Corollary 3.6.4], ker F ∩ Im ∞ (F ) is an orthogonal direct summand in ker F, so ker F = (ker F ∩ Im ∞ (F )) ⊕ N 1 for some closed submodule N 1 . Therefore ker F 0 = ker F ∩ M is finitely generated being a direct summand in ker F which is finitely generated itself. Since ker F ∩ M is finitely generated, by [8 
